Abstract. Extending a recent result by Frank and Lieb, we show an entropic uncertainty principle for mixed states in a Hilbert space, relatively to pairs of positive operator valued measures that are independent in some sense. This yields spatial-spectral uncertainty principles and log-Sobolev inequalities for invariant operators on homogeneous spaces, which are sharp in the compact case.
Introduction and main result
A mixed state (or density matrix) in a Hilbert space H is a positive operator ρ on H with trace τ (ρ) = 1. From the quantum view-point, one can measure ρ through positive operator valued measures (POVM) on H. We briefly recall this.
A POVM is a countably additive map P from a σ-algebra on a space X into the positive operators on H and such that P (X) = 1 H , see [11, 18] . Important examples are given by the following cases:
• When H is isometric to a function space L 2 (X, µ), one can set P (Ω) to be the multiplication by the characteristic function χ Ω for measurable sets Ω ⊂ X. This is actually a projection valued measure.
• Other projection valued measures come from the spectral resolution of a self-adjoint operator A on H. Here X = R and P (I) = Π A (I) is the spectral projector of A associated to I ⊂ R. • Partition of unity in H, i.e. series of positive operators P i such that i P i = 1 H .
A state ρ and a POVM induce a probability measure ν ρ P on X by
that encodes the result of the measurement of ρ through P . The statement we want to discuss deals with the measures ν ρ P and ν ρ Q associated to a pair of POVM on H, say P from X and Q from Y . This pair induces a state-independent measure µ P Q on X × Y , called a 'Liouville measure' from now on, and defined by µ P Q (Ω 1 × Ω 2 ) = τ (P (Ω 1 )Q(Ω 2 )) = τ (P (Ω 1 ) 1/2 Q(Ω 2 )P (Ω 1 ) 1/2 ) .
We shall see that when the Liouville measure µ P Q is bounded by a σ-finite product measure µ P ⊗ µ Q , then ν ρ P ≪ µ P and ν ρ Q ≪ µ Q . Let then
denote the corresponding density functions. Our main result is the following. Theorem 1.1. Using the notations above, suppose that µ P Q ≤ µ P ⊗ µ Q for some σ-finite product measure on X × Y . Then it holds
provided the left side is well defined, i.e. we don't face ∞ − ∞ in the integrals and their sum.
Here S(ρ) is the intrinsic von Neumann entropy of the state, independent on any choice of POVM, while the integrals are minus the relative entropy from ν ρ P to µ P and ν ρ Q to µ Q . Hence (1) is an entropic uncertainty principle claiming that the P and Q-measurements of ρ can't be both concentrated in small sets for µ P and µ Q , under some hypothesis on the Liouville measure. From the probabilistic view-point, the assumption on µ P Q deals with the independence of the two POVM. The best case occurs when µ P Q is a product measure itself: and we shall say that P are Q are independent there. We give some examples.
First examples
2.1. Pair of bases. Let (e i ) and (f i ) be two orthonormal bases of a Hilbert space H. This gives two projector valued measures from (finite or not) sets X = Y ⊂ Z with P (i) = Π e i and Q(i) = Π f i . The measurements of ρ are
and the Liouville measure is
Clearly, it holds that µ P Q ≤ µ P ⊗ µ Q with
This improves a result by Frank and Lieb in [7] where K is replaced by
The better estimation is obtained when P and Q are independent, i.e. when µ P Q is a product measure. Taking partial i and j sums, one sees that this only happens in finite dimension d and when
which is a definition of mutually unbiased bases, used in quantum information theory [11, 17] .
We note that such results generalize to pairs of partitions of unity P i and Q j obtained in the following way. Given two orthonormal bases (e i ) and f j of Hilbert space H ′ containing H, one gets two POVM on H by setting
One finds that the same inequality as (2) holds replacing e i and f j by Π H e i and Π H f j in formulas.
Fourier transform and uncertainty.
Consider now H = L 2 (R n , dx) with its natural projection valued measure from X = R n x defined by P (Ω) = χ Ω ×. Fourier transform on H, with convention that
is an isometry onto L 2 (R n ξ , dξ), and provides a second projection valued measure Q from Y = R n ξ into H by setting Q(Ω) = F −1 χ Ω F. These two maps are independent in our sense. Indeed, our 'Liouville measure' is here
i.e. the (genuine) Liouville measure of the phase space R n x × R n ξ . We make explicit Theorem 1.1. A state may be written ρ = i p i Π f i for orthonormal functions f i . Then its measurement in P reads
This inequality has been first proved by Frank and Lieb in [7] , and is known to be sharp for states ρ t = e −t(∆+ x 2 ) /τ (e −t(∆+ x 2 ) ) when t ց 0.
Frank and Lieb result.
The previous example is actually a particular case of a more general theorem proved in [7] .
be their density as above. 
Theorem 1.1 implies it. Indeed, as in the previous discussion on Fourier transform, one defines two projections valued measures on H = L 2 (X, µ): the standard one P (Ω) = χ Ω × from X, and Q(Ω) = Uχ Ω U −1 from Y . Then arguing as previously, one has
This shows that Theorem 1.1 applies and yields (4).
Comparing to Theorem 2.1, Theorem 1.1 adds some flexibility in the choice of the mesures on X and Y , and applies to general positive operator valued measures, as illustrated in §2.1. Here the mesures on X and Y are not fixed a priori but adapted to the interaction of the two maps P and Q through the intrisic Liouville measure. We note also that Theorem 2.1 deals with L 2 function spaces, while Theorem 1.1 applies to general direct integral decompositions of Hilbert spaces, as for instance to splittings H = ⊕ λ E λ with non constant dim E λ coming from spectral resolution of operators. See examples in §4.
Another feature of Theorem 1.1 is its invariance through general isometries of H. Indeed, if an isometry U acts on H, then two initial POVM P and Q are conjugated to P U = U −1 P U and Q U = U −1 QU . The Liouville measure is preserved:
as the measures associated to ρ and ρ U : 
with equality iff ρ = e −A /τ (e −A ).
Lemma 3.2 (Golden-Thompson inequality). Let A and B be self-adjoint operators with upper bounds. Then it holds that
Here, following [9] , A + B stands for the self-adjoint operator associated to the closed upper-
We suppose that µ P Q ≤ µ P ⊗ µ Q and first check the absolute continuity of ν ρ P and ν
We consider the following bounded positive operators on H
Using a Hilbert basis (e i ) of H and monotone convergence, one sees that
Hence we obtain
Then by Lemma 3.2, it holds that
is the unique self-adjoint operator associated to the closed quadratic form
− A Q ); see [9] and [13, VIII.6] We suppose now that ρ writes ρ = i p i Π f i with orthonomal functions f i , and satisfies
Note that otherwise (1) is already satisfied. We show that f i ∈ D(A) for any i, and evaluate Af i , f i . We can use a Jensen-type inequality for operator convex functions on POVM due to Choi, see [3, 12] . Namely, since − ln t is operator convex (see [1, Chap.V] , it holds that
by assumption on ρ. One gets a similar inequality for − ln A Q f i , f i . We can then apply Lemma 3.1 to −A on V with Π V ρΠ V = ρ. Summing (7) and using (6) yields
and gives Theorem 1.1 by monotone convergence when k → +∞.
Equality case. We discuss here the equality case in Theorem 1.1. It holds iff (5), (7), (8) become sharp for k → ∞. Equality in (5) means that the Liouville measure is a product, i.e. the POVM P and Q are independent. By [12] , (7) • in Golden-Thompson inequality, which is achieved when P and Q commute, • and in Gibbs formula, meaning that A P A Q → ρ, i.e. ρ is a product state with respect to P , Q.
Altogether these conditions are very restrictive. Examples are given by a space H that splits into H 1 ⊗ H 2 with given basis (e i ), (f j ). There P (i) = Π e i ⊗ 1 and Q(j) = 1 ⊗ Π f j , and product states ρ = ρ 1 ⊗ ρ 2 give equalities.
Note however that an approximate equality in (1) may be achieved in other cases. This happens for instance for the Fourier transform discussed in §2.2. Here the position-momentum maps are independent projection valued measures, hence (5) and (7) are equalities. Although P and Q don't commute here, Theorem 1.1 becomes sharp on states that spread at large scale on the (x, ξ) phase space like ρ t = e −t(∆+ x 2 ) /τ (e −t(∆+ x 2 ) ) when t ց 0; see [14] .
Applications on homogeneous spaces
4.1. Invariant operators and spatial/spectral independence. We turn back to examples and describe a setting on homogeneous spaces leading to independent spatial and spectral projections valued measures.
Let H be a closed group in a locally compact group G and let X = G/H be the corresponding homogeneous space. We assume moreover that X admits a G-invariant Borel measure µ. This is equivalent to the equality of modular functions δ H = δ G on H, and µ is unique up to constants, see [8, 10] .
Let V be a separable Hilbert space and consider H = L 2 (X, V, µ). We say that an isometry U of H is a gauge transform if it acts fiberwise over X, i.e. (U f )(x) = U x (f (x)) for some isometries U x : V → V . 
Proposition 4.2. Let A be a translation gauge-invariant self-adjoint operator on L 2 (X, V, µ).
Then there exists a measure µ A on R such that the Liouville measure writes
We shall call µ A the spectral measure of A in the sequel (not to be confused with the projection valued measure Q = Π A ).
Proof. We first observe that conjugating any A by a gauge transform preserves µ P Q . Indeed if A U = U −1 AU then Π A U (I) = U −1 Π A (I)U and
Hence, given I, Ω → µ P Q (Ω × I) is an invariant measure on X thus proportional to µ by uniqueness, i.e. µ P Q (Ω × I) = µ(Ω)µ A (I) as needed.
More concretely, µ A (I) expresses using the Schwarz kernel K Π A (I) of Π A (I). Indeed
so that one has for µ-almost every x
HS(V ) dµ(y) .
This last formula, together with Plancherel formula on X, helps in computing examples.
Compact case.
We first consider the case of homogeneous spaces X = G/H for compact groups G. Then a scalar invariant self-adjoint operator A on X induces a spectral splitting
The spectral measure µ A is supported on Sp A and
. Therefore (1) writes here
if µ is normalized such that µ(X) = 1. A first remark here is that the spectral entropy sum, say S A (ρ), actually does not depend on the values in Sp A. It stays the same for any other operator ϕ(A) with ϕ injective on Sp A. This sum only depends on the repartition on the state in the splitting (12) .
This stays true in general for the change of self-adjoint operator A into ϕ(A) on any space X. Indeed one has Π ϕ(A) (I) = Π A (ϕ −1 (I)) and the induced projection valued measure becomes Q ϕ(A) = Q A • ϕ −1 . One sees easily (or by Proposition 4.3 below) that this amounts in a change of variables λ → ϕ −1 (λ) in the spectral entropy integrals over Y = R in (1), and thus S A (ρ) = S ϕ(A) (ρ). Hence this notion does not depend on the actual values of energy levels, not even their order, but deals with the repartition of the state in the direct integral splitting of H = ⊕ dE λ .
We also observe that (13) is sharp on purely spectral states such that ρ = ϕ(A) with τ (ρ) = 1. Indeed these translation invariant states have constant density ̺(x) = 1 since µ(X) = 1 = τ (ρ). Thus the spatial entropy term vanishes in (13), while
Finally, we note that S Q (ρ) decreases with the refinement of the splitting of L 2 (X) and is ultimately bounded from below by the finest possible one coming from the decomposition of the unitary representation π of G in L 2 (X) into finite dimensional irreducible representations:
This comes from the splitting of each invariant space E λ into such sums of H σ (explaining the discreteness of Sp A), and the following general monotony property.
provided these integrals are defined.
Indeed, Jensen inequality applied to the conditional expectation E
yielding (15) by integration.
Eventually we illustrate this discussion on the sphere S n−1 = SO(n)/SO(n − 1) and the Laplacian ∆ S . Here Sp(
n−1 , see e.g. [8, 16] . Moreover the representation of SO(n) on E d is irreducible, so that the spectral and Weyl decompositions (12) and (14) coincide here. That means that the measurement of ρ by ∆ S (its energy distribution), actually provides the best (lowest) spectral entropic term (among invariant operators) in (13).
Non-compact examples.
We compute the spectral measure of some operators in noncompact situations. Let A be a self-adjoint differential operator with constant coefficients on X = R n and σ A its polynomial symbol. The Fourier transform of the spectral projection Π A (I) is the multiplication by χ σ −1 A (I) on R n ξ . Then by (11) and Plancherel formula the spectral measure of A is
Using the coarea formula, its density with respect to Lebesgue measure on R is
expliciting the spectral entropy term in (1):
For instance in the case of the Laplacian ∆. Then σ ∆ (ξ) = 2πξ 2 with our convention in §2.2, and the spectral measure is
Then H σ is the usual measure m on the spheres S R , and one finds that
We note that for any invariant A, the map Π A is actually induced (up to Fourier transform) from the momentum map
A ) by (16) . Hence Proposition 4.3 applies and gives the lower bound We mention that the spectral measure µ A can (in principle) be computed on other noncompact homogeneous spaces X = G/H, as long an explicit Plancherel formula is available. This is indeed the case for symmetric spaces G/K with G connected semi-simple Lie group with finite center and K its maximal compact subgroup; see e.g. [8] . For instance, computations of the spectral measure of the Laplacian on symmetric spaces may be found in [16] .
We close this series with the example (9) of the Hamiltonian H B in L 2 (R 2 ). It is translation gauge-invariant and Proposition 4.1 applies. Its spectrum is discrete and consists in the (Landau levels) λ n = (2n + 1)B, n ∈ N, with each eigenspace E n of constant density µ H B (λ n ) = B 2π ; see e.g. [6] . Hence (1) reads here
One sees that the uncertainty constrain relaxes for a given state when B increases. Indeed the state may concentrate on fewer Landau levels, whose density increases with B. Note also that the spectral entropy term in the left side is always positive here and vanishes iff ρ is contained in a single level, in which case
4.4. Log-Sobolev inequalities. As emphasized above, the spectral entropy associated to an operator does not depend on the actual values of energy levels, but only on the induced spectral splitting. It turns out however that one can bound it using a single estimation of the mean energy of the state E A (ρ) = τ (Aρ); yielding a log-Sobolev (entropy-energy) inequality. Consider again a self-adjoint translation gauge-invariant operator A on an homogeneous
denotes the Laplace transform of the spectral measure µ A . This is actually also the constant ratio τ (e −tA χ Ω )/µ(Ω), or heat decay of e −tA . The following Gibbs inequality holds.
Proposition 4.4. Suppose that the state ρ satisfies E
and it holds that
by Jensen inequality and R dν
Remark 4.5. Note moreover that equality holds iff dν
when the spectral distribution of the state is a Gibbs measure, i.e. with exponential law with respect to energy. Such states always exist in the homogeneous case: take for instance
A corollary is the following log-Sobolev inequality, in a parametric form.
Corollary 4.6. Under the previous assumptions, it holds that
When ρ is a pure state Π f and A is the Laplacian (or e −tA is Markovian) this is a well known inequality, see [4] . It extends here for mixed states on a large class of operators: translation gauge-invariant ones on homogeneous manifolds.
One can also optimize (21) in t. Notice that ln L A (t) is a convex function, since L A (t) is the integral of log-convex functions. We consider then the Legendre transform (Young conjugate)
Then (21) reads
Note that by Remark 4.5, (22) is also equivalent to the previous purely entropic inequality
on states at statistical equilibrium with respect to the energy A, i.e. with spectral measure dν ρ A = Ce −tλ dµ A for some t, but is weaker on more general states. Moreover, following the discussion in §4.2, the inequality (22) is sharp (on mixed states) on homogeneous spaces X = G/H with G compact, if e −tA is trace class for some t.
Examples. In the case of the Laplacian on R n , one has L ∆ (t) = (4πt) −n/2 ; a well known heat-decay (that also follows from (19) with ν ∆ ([0, λ]) given in §4.3). Then (22) writes
This inequality is due to Dolbeault-Felmer-Loss-Paturel in [5] and asymptotically sharp on normalized harmonic oscillator heat ρ t = e −t(∆+ x 2 ) /τ (e −t(∆+ x 2 ) ) for t ց 0.
We can compare this on R 2 with the Hamiltonian H B in (9) . From discussion in §4.3, one has here L B (t) = with equality on uniformly distributed states, i.e. normalized projections on finite dimensional subspaces of H. In conclusion the two log-Sobolev inequalities we discuss here are not equivalent, even on homogeneous spaces; see also [14, §4.2] for a more precise comparison in the case of the Laplacian on R n . Yet, we have seen that the version developped here is sharp in some classical cases, including translation gauge-invariant operators on compact homogeneous spaces. Moreover it comes from the stronger entropic uncertainty principle stated in Theorem 1.1.
